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1 Introduction
To compare with experiment it is vital that theoretical predictions are finite. Beyond
leading order in perturbation theory many processes contain infrared divergences. It
is often argued that these singularities are eliminated at the level of the inclusive
cross-section [1,2]. During this talk I will show that the infrared divergences are still
poorly understood. I also expose some questionable assumptions which must be made
to render the theoretical cross-section finite.
There are two types of infrared singularities – soft and collinear. Soft divergences
are associated with low energy photons. Collinear divergences occur in high-energy
or theories with massless charges. It is common practice to use the Bloch-Nordsieck
trick [1] for the soft divergences. By adding the bremsstrahlung process to the cross-
section with a virtual loop the overall cross-section is soft finite. Soft divergences
can be regulated by dimensional regularisation where the number of dimensions, D =
4 + 2εIR. Focusing on the infrared pole, the Bloch-Nordsieck trick is summarised
diagrammatically at next-to-leading order by:
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up to an overall multiplicative constant. This sum corresponds to the idea that there
may be low energy unobserved photons accompanying charges in the final state.
Such processes are indistinguishable by experiment from an isolated charge. They
are referred to as degenerate processes. The Bloch-Nordsieck trick, however, does not
work for collinear divergences.
The standard approach to deal with collinear divergences was developed by Lee
and Nauenberg [2]. Their quantum mechanical theorem states that the sum over all
degenerate processes is infrared finite. In field theory one should thus include both
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initial and final state degeneracies. In this talk I will analyse the Lee-Nauenberg
theorem applied to high-energy QED. Collinear divergences will be regulated by the
effectively small mass, m, of the electron and will appear as terms proportional to
ln(m).
2 New Class of Collinear Divergences
It is assumed in [2] that soft divergences have been dealt with by the Bloch-Nordsieck
trick and thus only collinear singularities produced by photons with energies greater
than the experimental resolution ∆ are considered. Recent work has shown that there
is a class of divergences which were omitted in Lee and Nauenberg’s paper [3]. These
come from processes where low energy (soft) photons travelling parallel (collinearly) to
the charges are emitted and/or absorbed. These processes contain ∆ ln(m) collinear
singularities in their cross-section which, from now on, will be referred to as ∆–
divergences. By inserting these divergences into the analysis conducted in [2] it may
be seen that the cross-section cannot be simultaneously both soft and collinear finite.
The reason for this failure may be traced back to the different ways soft and collinear
singularities are dealt with.
The Lee-Nauenberg theorem states that one should consider initial state degen-
eracies. However, at first sight, including the absorption of low energy photons has
the effect of reintroducing the soft divergences so that (1) becomes:
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However, all degeneracies must be considered and Lavelle and McMullan have shown
that the residual soft divergences in (2) may be cancelled by including the following
cross-section contributions:
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The striking thing here is the need for the disconnected processes in the application
of the Lee-Nauenberg theorem. This was only briefly noted in the original paper [2].
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Investigations, by a variety of authors [3–8], have shown the need to consider such
disconnected processes as displayed above. The amplitudes which interfere with the
disconnected ones are the emission and absorption of a photon which can take place
with either electron leg. By including all the above processes the ln(m) and soft
singularities are eliminated. However, in order to fully determine whether the cross-
section is finite the ∆–divergences must also be studied. The aim of this work is
to discover if the Coulomb scattering cross-section can be made simultaneously both
soft and collinear infrared finite.
Lee and Nauenberg’s theorem states that one should include all degenerate pro-
cesses at each order of perturbation theory. However, at the same order of perturba-
tion theory an infinite number of disconnected photons may be considered! Processes
contributing to the next-to-leading order Coulomb scattering cross-section may be
clustered into groups in which the soft singularities are eliminated:
1
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+ . . .
 . (4)
For each additional disconnected photon there are three further processes to con-
sider. By calculating the soft divergences one obtains another factor of (1 − 2 + 1).
Higher numbers of disconnected photons are not suppressed in this series so it will
not converge. In practice this series is arbitrarily truncated at one of the finite stages
to obtain a finite cross-section. Further discussion of this mathematically ill-defined
procedure may be found in [3].
3 Cancellation of ∆–Divergences
Figure 1: A process involving a disconnected photon.
The disconnected photon, displayed in Figure 1, cannot be collinear with the
electron both before and after it has been scattered. Therefore, in order for it to
contribute to Coulomb scattering (and not be identified as a different process) the
photon’s energy must be lower than the experiment’s detector resolution. Discon-
nected processes provide contributions to the cross-section which can be soft and
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collinear. Therefore they produce ∆–divergences. The question arises: do these ∆
divergences cancel for the same combination of diagrams as the soft singularities (4)?
Photons may be detected by an experiment in two ways:
1. Directly, through a detector with resolution ∆;
2. Indirectly, through a measurement of the electron’s ‘missing’ energy.
A shift in the electron’s energy puts an upper limit on the total energy contained by
any number of soft photons. An electron energy detector is a powerful tool for deter-
mining whether a process is different from tree-level Coulomb scattering if multiple
photons are contributing to the process. If the process contributes to Coulomb scat-
tering then the photon’s energy (or energies when including disconnected photons) is
such that it cannot be detected by either of the above methods.
I have studied the next-to-leading order Coulomb scattering cross-section and
evaluated all the ∆–divergences. The technical details will not be presented here
(see [14]) and instead I will state the results. Removal of ∆–divergences from the cross-
section may take place using exactly the same prescription as soft divergences (4).
However, for this cancellation to take place the following assumptions are required.
1. All processes must have an inverted energy weighting1. The exception to this
rule is the emission process for which the usual Bethe-Heitler weighting is ap-
plied.
2. Experimentalists must observe photons directly through a photon detector i.e.
they are not allowed to indirectly observe a photon through ‘missing’ electron
energy.
The energy weighting applied is not supported by a physical motivation (other than
the infrared finiteness which I am trying to prove). However, without this choice of
weighting the Lee-Nauenberg theorem fails because the ∆–divergences are sensitive
to the energy weighting. My calculations prove that in order for the ∆–divergences
to cancel, the maximum photon energy must be the same for each of the processes
being combined. If a photon is detected indirectly then the amplitudes which contain
different numbers of soft photons will have different maximum photon energies. The
1I have followed the lead set by Bethe and Heitler. They state that for the emission cross-section
an energy weighting factor which is equal to the electron energy in the out-state divided by the
electron energy in the in-state should be included. For references see section 5-2-4 in [9], p. 499
of [10], p. 244 of [11], p. 309 of [12] and the original paper [13]. Intuitively the probability for
emission and absorption should be equivalent. This requirement leads to the introduction of an
inverted energy weighting for the absorption process. In the literature the energy weighting has
only been carefully considered for the emission process. Collinear ∆–divergences are highly sensitive
to the energy weighting scheme used so it will be important while studying their cancellation.
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processes required to cancel the soft singularities, displayed in equations (2) and (3),
contain a different number of soft photons so the second assumption is necessary.
Weinberg has made his reservations clear on the application of the Lee-Nauenberg
theorem. I quote from page 552 of [15] “. . . to the best of my knowledge no one
has given a complete demonstration that the sums of transition rates that are free of
infrared divergences are the only ones that are experimentally measurable.” Through
this calculation I have shown that Weinberg’s reservations are well-founded since
infrared finiteness places a condition on the way experiments are conducted.
In summary what I have seen is that not only does the Lee-Nauenberg approach
to the infrared lead to an ill defined series of diagrams but there is no natural way to
achieve infrared finiteness. Further research is urgently required.
I am grateful to Martin Lavelle and David McMullan for their advice and assis-
tance during the conduct of this research.
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